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Abstract 



In this paper, we give an example to show that, if u € C(X)<g)M n with det(u) = 1 
then the C* exponential length of u (denoted by cel(u)) can not be controlled by ir. 
Moreover, in the simple inductive limit C*- algebras, similar examples exist. 

Introduction. The C* exponential length, as a related invariant of C* exponential 
rank, has been studied for many years. In [8], N.C. Phillips mentioned that "Suitable 
modifications of Lemma 5.2 and 5.3 will show that if det(w) = 1, then cel(u) < n (even 
though, for general u, cel(u) can be arbitrarily large)." But this is not true. For any 
e > 0, we can find a unitary u in a C*-algebra with det(tt) = 1 and cel(u) > 2n — e. In 
this paper, we provide a method for constructing such examples. And in the future we 
will show that, under the same assumption, 2n is an upper bound. 

1. Preliminaries. 

For convenience of the reader, we list following definitions and lemmas (see [3], [10] 
for more details). 

Definition 1.1. Let X be a compact space and B = C(A)®M n , for u e U (B) (unitary 
group of B), let det(w) be a function from x to S 1 whose value at x is det(u(x)). 
The following lemma is well-known. 

Proposition 1.2. Let u be a unitary in a C*-algebra A and suppose u 1, then 



for some self-adjoint elements h^s in A and some integer k. 

Definition 1.3. Let A be a unital C*-algebra and u be a unitary which lies in the 
connected component of the identity 1 in A. Define the C* exponential length of u 
(denoted by cel(u)) as follows: 



u = exp(?/i 1 )exp(i/i 2 )...exp(i/i fc ), 



k 




\\hi\\ : u = exp(i/ii)exp(i/i 2 )...exp(i/ifc)}. 



Note: For a unital C*-algebra A let Uo(A) be the connected component of U(A) containing 
the identity 1. Recall from [10] that if u G U (A), then the C* exponential length cel(u) 
is equal to the infimum of the lengths of paths in U(A) from « to 1. 

Following lemma is an easy example for calculating the C* exponential length. 

Lemma 1.4. Let u(t) = exp {it A) be a unitary in C[0, 1] with A a real number, then 

cel{u) = \A\. 

Proof: Since cel{u) = inf{length(w s ) : u s is a path in U(A) from u to 1}, let v s {t) be any 
path from 1 to u, that is, v (t) = l,vi{t) = u(t). Then length(t> s ) = \\^\\ds. Since v a (t) 
can be considered as a map from [0, 1] x [0, 1] to S* 1 and R is a covering space of S 1 , there 
exists v from [0, 1] x [0, 1] to R such that: 

v(s,t) = n{v{s,t)) and u((0,f))=0, 

where n(x) = e lx . Therefore 

dv , dv dv dv 

ds ' ds'' ds ds 

Since v maps (0,t) to 0, (1,£) to L4, 

,dv „ , . , 



/ ||?IMs>| / ^dsl =max|u(l,i) -u(0,*)| 
Jo ots J ds t 



On the other hand, exp (isL4) for < s < 1 is a path in C/(C[0, 1]) from 1 to w with 
length \A\. Therefore cel{u) — \A\. 

2. Counter Examples. 

Lemma 2.1. ([4] Lemma 2.5). Let X be a finite simplicial complex of dimension 
at most 2. Let E be a locally trivial M n — bundle over X, let u e r(S , L r e) and let e > 0. 
Then there exists v G T{SUe) such that — 1>|| < e and has no repeated eigenvalues 
for all x G X, where SUe is the set of elements of E which are unitaries with determinant 
1 and T{U E ) is the set of sections of U E - 

Corollary 2.2. Let u s (0 < s < 1) be a path in C/(Mi O (C[0, 1])) and let e > 0, then 
there exists v s (0 < s < 1) a path in C/(Mio(C[0, 1])) such that ||u — v\\ < e and has 
no repeated eigenvalues for all < s < 1 and < t < 1. 

Proof: By considering w s (i) as a map from [0,1] x [0,1] to C/(M 10 (C)), the Corollary 
follows from the Theorem 2.1. 



Let P k S 1 := {[x!,x 2 , ...,x k ] ■ x { G S 1 }/ ~, where [xi,x 2 , —,x k ] ~ [yi,2/2, -,yfc] if 3o" G ^ 
such that ^(j) = Xi. Naturally, the metric of P k S 1 should be defined as: 

distQxi, x 2 , x k ], [yi, y 2 , --,yk}) = min max d(^, y u{i) ). 

u l<i<k 



2 



The following lemma is well-known: 

Lemma 2.3. Let F : [0, 1] x [0, 1] — > P k S 1 be a continuous function, suppose 

F(s,t) = [x 1 (s,t),x 2 (s,t), ...,x k (s,t)], 

and for any fixed (s,t) G [0,1] x [0,1], Xi(s,t) (1 < % < k) are k distinct values in S 1 . 
Then there exist /i, f 2 , fk ■ [0, 1] x [0, 1] ->■ S 1 such that: 

F(s,t) = [f 1 (s,t),f 2 (s,t),...J k (s,t)]. 



Proof: Since F is continuous, F([0, 1] x [0,1]) is a connected set in P k S 1 . Let n : 
S 1 x S 1 x ... x S 1 ->■ P^S 1 denote the quotient map, and let X C S 1 x S 1 x ... x S 1 



fc 



consists of those elements (xi, x 2 , • • • , x k ) with ^ Xj for ? 7^ j. Then 7r|x is a covering 
map from X to tt(X) (which is a subset of P k S r ). 

Note from the condition of the Lemma, the image of the map F : [0, 1] x [0, 1] — > P k S 1 
is inside tt(X). Since [0,1] x [0,1] is simply connected, by standard lifting theorem for 
covering spaces, the map F : [0, 1] x [0, 1] — > n(X) C P k S 1 can be lifted to a map 
F 1 : [0, 1] x [0, 1] -)• X(C S l x x ... x S 1 ) 



fc 



Let it j : S 1 x S 1 x ... x S 1 — > S 1 be the projection onto the jth coordinate. For 
l<j<k, define functions fj : [0, 1] x [0, 1] ->■ S 1 by 

fj(s,t) = ITjFfat). 

Then it is easy to see that f/s satisfy the requirement. 
Example 2.4. Let A = Mi O (C[0, 1]), define 



u(t) 







/ e ~' Zmt fo 



it — 

e 10 



\ 




it 22L 

e 10 



10x10 



V • 
Then u is a unitary in A with det(w) = 1 and u ~^ 1. 

Theorem 2.5. Let u G Mi O (C[0, 1]) be defined as in 2.4, then 



cel{u) > — ■ 2n. 



Proof: Let F s be a path in C/(M 10 (C[0, 1])) with F = 1 G M 10 (C[0, 1]) and Fi(t) = «(*). 
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By Corollary 2.2 above, there is a path F s in U(M w (C[0, 1])) such that ||F - F|| < 
e/2 and F s (t) has no repeated eigenvalues for all s G [0, 1] and t G [0, 1]. By Lemma 
2.3, there exist Z 1 ,/ 2 , ...,/* : [0,1] x [0,1] ->• S 1 and unitaries C/ S (t) such that F s (t) = 
^(Ot/iW, /?(*), f!(t)p.(ty. Therefore 

length(F s ) = max{length(/;)}. 

i<j<fc 

Since ||F-F|| < e/2, ||/<j - 1|| < e/2 for all 1 < j < k. For each fixed t G (e, 1 - e), there 
exists one and only one j such that 



\\fi°(t) 



< e/2 



and for other j ^ j 

\\fl(t)-e*%\\<e/2. 

(We use the fact that ||e rf it — e~ 2mt ^> || > e for i G (e, 1 — e) .) Since all / J 's are continuous, 
the index j should be the same for all t G (e, 1 — e). 

Therefore, is a path in C/(C[0, 1]) connecting a point near 1 and a point near 
e~ 27ri *is. By Lemma 1.4, length(/f ) > ^ • 2tt - e. Then, 

length(F s ) > ^ • 2tt - e/2 - e > ^ • 2tt - 2e. 

Since £ is arbitrary, we have cel(u) > ^ • 2n, which completes the proof. 

Example 2.6. In some simple inductive limit C*-algebras, such examples exist. 
Let {x 1: x 2 , ...} be a countable dense subset of [0,1], and let {k n }%L 2 be a sequence of 
integers satisfying 

-i— r 10 fe " - 1 7 

n— ^> 



lQk n 
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Let 



Ai = Mi O (C[0,l]), A 2 =M 10 * a (Ai), A n = M 10fcn (A»-i),- 
Define <p„,„+i : A» ->■ >W b y 



¥>n,n+l(/) 




./ 



\ 



Let A = \mj.(A i: (p iji+1 ) be the inductive limit C*-algebra. Then A is simple. 

Let u(t) G be defined as in Example 2.4, then a similar way of Theorem 2.5 shows that 



cel(ip hoo (u)) > — ■ 2tt. 
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